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REGULARITY OF PULLBACK ATTRACTORS AND 
EQUILIBRIA FOR A STOCHASTIC NON-AUTONOMOUS 
REACTION-DIFFUSION EQUATIONS PERTURBED BY A 
MULTIPLICATIVE NOISE 

WENQIANG ZHAO, SHUZHI SONG 


Abstract. In this paper, a standard about the existence and upper semi¬ 
continuity of pullback attractors in the non-initial space is established for some 
classes of non-autonomous SPDE. This pullback attractor, which is the omega- 
limit set of the absorbing set constructed in the initial space, is completely 
determined by the asymptotic compactness of solutions in both the initial and 
non-initial spaces. As applications, the existences and upper semi-continuity 
of pullback attractors in are proved for stochastic non-autonomous 

reaction-diffusion equation driven by a multiplicative noise. Finally we show 
that under some additional conditions the cocycle admits a unique equilibrium. 


1. Introduction 

In this paper, we consider the dynamics of solutions to the following reaction- 
diffusion equation on driven by a random noise as well as a deterministic non- 
autonomous forcing: 

du + {Xu — Au)dt = f{x, u)dt -\- g{t, x)dt -\- euo duj{t), (1.1) 

with initial condition 

u{t,x) = uo{x), xGM.^, (1-2) 

where the initial Uq G L'^{M.^), A is a positive constant, e is the intensity of noise, 
the unknown u = u{x,t) is a real valued function oi x G and t > t, uj{t) is a 
mutually independent two-sided real-valued Wiener process defined on a canonical 
Wiener probability space (fl, P). 

The notion of random attractor, introduced in [niiiiEiiH], is an important tool 
to study the qualitative property of stochastic partial differential equations(SPDE). 
We can find a large number of literature to investigate the existences of random 
attractors in an initial space (the initial data located space) for some concrete sto¬ 
chastic partial differential equations, see P 0113 ED [23 EH EH] and the references 
therein. In particular, [201II81E2] discussed the upper semi-continuity of a family 
of random attractors in the initial space. 

As we know, the solutions of SPDE may possess some regularity, for example, 
higher-order integrability or higher-order differentiability. In these cases, the the 
solutions may escape (or leave) the initial space and enter into another space, which 
we call a non-initial space. So, the existence and upper semi-continuity of random 
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attractors in a non-initial space, usually a higher-regularity space, such as LP{p > 2) 
or , are necessary for us to understand the dynamics of solutions of SPDE. 

In terms of this consideration, some literature attacked this problem recently. In 
the case of bounded domain, [Tl[T 6 l[Ta| 22 l| 2 a| 25 ] discussed the existence of random 
attractor in the non-initial spaces and space, respectively. When the state 
space is unbounded, Zhao and Li [29] proved the existence of random attractors for 
reaction-diffusion equations in LP(]R^), and for the same equation, Li and et al [13] 
obtained the upper semi-continuity of random attractor in LP(K.^). Most recently, 
Zhao EilSD] proved the existence of random attractors for semi-linear degenerate 
parabolic equations in L‘^P~^{D)r\H^ {D), where U is a unbounded domain. Bao |3] 
proved the existence of random attractors for non-autonomous Fitzhugh-Nagumo 
system in x In that paper, the key point is closely related to 

Lemma 5.1 there, of which the detailed proof is omitted. 

It is pointed out that most recently, Li and et al m established the theory of bi- 
spatial random attractors by using the notion of uniform omega-limit compactness, 
by which SPDE with autonomous forcing can be solved, see also m- However, 
to the best of our knowledge, there are no literature to discuss the existence and 
upper semi-continuity of pullback attractors in a non-initial space for SPDE with 
a non-autonomous forcing term, except the literature |5]. 

In this paper, we study the existence and upper semi-continuity of pullback 
attractors in the non-initial space for problem (|n|)-(lL2l) with a non- 

autonomous forcing. The nonlinearity / and the deterministic non-autonomous 
function g satisfy almost the same conditions as [18] . in which the author ob¬ 
tained the existence and upper-continuity of pullback attractors in the initial space 
Here, we strengthen this result and show that the obtained pullback at¬ 
tractors are also compact and attracting in norm. Furthermore, we find 

that the upper continuity of the obtained pullback attractors happen in 
The existence of pullback attractor in an initial space for a non-autonomous sto¬ 
chastic partial differential equation is established in [21] , where the measurability of 
pullback attractors is proved. The applications we may see [nnmniiii]. For the 
reference on the theory regarding upper semi-continuity of pullback attractors, we 
may refer to [TH |20l for the stochastic cases and to [Sill] for the deterministic 
cases. 

In order to solve our problem, we establish a sufficient criteria for the existence 
and upper semi-continuity of pullback attractors in a non-initial space. It is showed 
that a family of pullback attractors obtained in an initial space are compact, attract¬ 
ing and upper semi-continuous in a non-initial space if some compactness conditions 
of the cocycles are satisfied, see Theorem 2.6-2.8 in section 2. This implies that the 
continuity (or quasi-continuity [14] . norm-weak continuity [38] 1 and absorption in 
the non-initial space are not necessary ones. This result is a meaningful and con¬ 
venient tool for us to consider the existence and upper semi-continuity of pullback 
attractors in some associated non-initial spaces for SPDE with a non-autonomous 
forcing term. 

Consider that the stochastic equation dni) is defined on unbounded domains, the 
asymptotic compactness of solution in (M.^) can not be derived by the traditional 
technique. The reasons are as follows. On the one hand, the equation dni) is 
stochastic and the Wiener process w is only continuous but not differentiable in t. 
This leads to some difficulties for us to estimate the norm of derivative Ut by the 
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trick employed in deterministic case, see [33l[32]- Then the asymptotic compactness 
in can not be proved by estimate of the difference of Vit as in |32) . 

On the other hand, the estimate of Au is not available for our problem (up to 
now, actually we do not know how to estimate the norm Au of problem (fTTIl-IOl). 
although this can be achieved in deterministic case by estimate Ut, see [33]). So we 
can not use the Sobolev compact embeddings of ^ on bounded domains. 
Here we surmount these obstacles by checking the uniform smallness of solutions 
outside a large ball in i7^(K^)-norms as in [nunnsj. In bounded domains, we 
prove the asymptotic compactness of solutions by a space splitting technique as 
in |T] , and combination the estimate of the truncation of solutions in 

L2p-2 

-norm over an integral interval. 

Finally, we investigate how the parameters in problem (1.1) affect the pullback 
attractor. We show that if the parameters satisfy some conditions, then the cocycle 
admits a unique equilibrium in L^(]R^). Furthermore, this equilibrium is also in 
both Hi(R^) and LP(]R^), p > 2. 

In the next section, we recall some notions and prove a sufficient standard for 
the existence and upper semi-continuity of pullback attractors of non-autonomous 
system in a non-initial space. In section 3, we give the assumptions on g and /, and 
define a continuous cocycle for problem (fTTD-n:^. In section 4 and 5, we prove 
the existence and upper semi-continuity in Finally, in section 6, we prove 

the existence of equilibria for the cocyle derived from problem (1.1). 

2. Preliminaries and abstract results 

Let (A, ll.llx) and (P, ||.||y) be two complete separable Banach spaces with Borel 
sigma-algebras B{X) and B{Y), respectively. X HY ^0. For convenience, we call 
X the initial space ( which contains all initial data of a SPDE) and Y the associated 
non-initial space (usually the regular solutions (of a SPDE) located space). 

In this section, we give a sufficient standard for the existence and upper semi¬ 
continuity of pullback attractors in the non-initial space Y for the random dy¬ 
namical system (RDS) over two parametric spaces. The readers may refer to 
PSI Uni ISni uni EI im HSl mi for the existence and semi-continuity of random 
attractors in the non-initial space Y for a RDS over one parametric space. 

We also mention that regarding the existence of random attractors in the initial 
space X for the RDS over one parametric space, the good references are [aimiiiiTi 
EllHI. However, here we recall from [21] some basic notions regarding RDS over two 
parametric spaces, one of which is the real numbers space and another of which is 
the measurable probability space with a measure preserving transformation. 

2.1. Preliminaries. The basic notion in RDS is a metric (or measurable) dynam¬ 
ical system (MDS) i9 = (If, A, P, {i?t}tgK), which is a probability space (H, P, P) 
with a group G K, of measure preserving transformations of (12, P, P). 

An MDS d is said to be ergodic under P if for any iJ-invariant set P G P, we 
have either P(P) = 0 or P(P) = 1, where the ^invariant set is in the sense that 
P{'dtF) = (P) for P G P and all t G M. 

Definition 2 . 1 . Let (H, P, P, {i^tjtgR) he a measurable dynamical system. A 
family of measurable mappings ip : M'*" xRxDxAi —is called a cocycle on X 
over M and (H, P, P, if for a/Z r G R, w G H and t,s € R"*", the following 
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conditions are satisfied: 

(p(0,T,uj,.) is the identity on X, 

(p{t + S, T, LO, .) = (p{t, T + s, .) o (f{s, T, OJ , .). 

In addition, if ip{t, t,uj, .) : X ^ X is continuous for all t G R"*", r G R, w G then 
ip is called a continuous cocycle on X over R and P, {'dt}teM)- 

Definition 2.2. Let 2^ be the collection of all subsets of X. A set-valued map¬ 
ping K : R X I— >■ 2^ is called measurable in X with respect to P in Ll if the 
mapping w G i—>■ distx{x, K{t,uj)) is (P, BfM.))-measurable for every fixed x € X 
and r G R, where distx is the Haustorff semi-metric in X. In this case, we also 
say the family {K{t,u})]t G R, w G 12} is measurable in X with respect to P in ft. 
Furthermore if the value K{t,uj) is a closed nonempty subset of X for all t € M. 
and to € LI, then G R,w G LI} is called a closed measurable set of X 

with respect to P in LI. 

Hereafter, we always assume that is a continuous cocycle on X over R and 
{Ll,P,P,{'dt}tm) satisfying 

(HI) For every fixed t G R+, r G R and oj G LI, if{t, t,uj, .) : X i—>■ X fl Y; 

(H2) If {xn}n C X r\Y such that Xn ^ x in X and Xn ^ y in Y, respectively, 
then X = y. 

Let 22 be a collection of some families of nonempty subsets of X parametrized 
by T G R and to G 12 such that 

V = {B = G 2^; B{t,u}) 0,t G R, w G 12};/b satisfies some conditions}. 

In particular, for two elements G 22, we say that Bi = B 2 if and only if 

Bi{t,uj) = B 2 {t,uj) for all r G R and uj G LI. 

Definition 2.3. Let T> be a collection of some families of nonempty subsets of 
X and K = {2L(t, w);t G R, w G 12} G 22. Then K is called a V-pullback absorbing 
set for a cocycle ip in X if all t G TS.,uj G LI and for every 22 G 22 there exists a 
absorbing time T = T{t,uj,B) > 0 such that 

(p{t, T — t, d-tOJ, B{t — t, ’d-tuj)) C K{t, to) for all t >T. 

If in addition, K is measurable in X with respect to the P-completion of P in LI, 
then K is said to a measurable pullback absorbing set for ip. 

Definition 2.4. Let T> be a collection of some families of nonempty subsets of 
X. A cocycle ip is said to be T>-pullback asymptotically compact in X{resp. in Y) 
if for o/Z T G R, CO G 12 

{(p{tn,T — tn,'&-t„^jXn)} has a Convergent subsequence in X(resp. in Y) 

whenever 2„ —>■ 00 and G B{t — tn, with B = {B{t, to); t G R, to G 12} G 

22. 


Definition 2.5. Let T> be a collection of some families of nonempty subsets of 
X and A = {A{t,uj);t G R, to G 12} G 22. A is called a T>-pullback attractor for a 
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cocycle (p in X{resp. in Y) over R and P, if 

(i) A is measurable in X with respect to the P-completion of P, and A{t,uj) is 
compact in X {resp. in Y) for aH r G R, w G Vl; 

(ii) A is invariant, that is, for aH r G R, w £ 

(p{t, T, u!, A{t, oj)) = A{t + t, 'dtuj),'i i > 0; 

(Hi) A attracts every element B = r £ R, w £ 17} £ 2? in X{resp. in Y), 

that is, for r £ R, w £ 17, 

lim distx{p{t,T — t,i!)-t^, B{t — t,‘d-t^)),A{T,uj)) = 0 

t^ + OO 

{resp. lim distY{<p{t,T — t,'d-tU!, B{t — tjd-tui)), A{t,uj)) = 0). 

t^+OO 


2.2. Existence of random attractors in a non-initial space Y. This subsec¬ 
tion is concerned with the existence of 27-pullback attractor of the cocycle p in the 
non-initial space Y. The continuity of in T is not clear, and the inclusion relation 
of X and Y is also unknown except that (HI) hand (H2) hold. 

Theorem 2.6. Let P be a collection of some families of nonempty subsets 
of X which is inclusion closed. Let ip be a continuous cocycle on X over M and 
{Ll,P,P,{'dt}tewi)- Assume that 

(i) p has a closed and measurable (w.r.t. the the P-completion of P) P-pullback 
absorbing set K = {K(t, cj); r £ R, a; £ 17} G P in X; 

(ii) p is P-pullback asymptotically compact in X. Then the cocycle p has a unique 
P-pullback attractor Ax = {Ax(t,u:)-,t £ R, w £ 17} £ 2? in X, given by 

-A 

Ax{t,uj) = ^\Jp(t,T-t,'d-tUj,K{T-t,'d_tt^)) , t£R,w£17, (2.1) 

s>0 t>s 

where the closure is taken in X. 

If further (H1)-(H2) hold and (Hi) p is P-pullback asymptotically compact in Y, 
then the cocycle p has a unique P-pullback attractor Ay = {Ay(t,uj);t £ R, w £ 17} 
in Y, given by 

- Y 

^y(t, w) = nu p{t,T — t,d-tU}, K{t — tjd-tuj)) , r£R, a;£l7. (2.2) 

s>0 t>s 

In addition, we have Ay = Ax G X r\Y in the sense of set inclusion, i.e., for 
every r £ R, w £ 17, Ay(t,u!) = AxiT,uj). 

Proof The first result is well known and so we are interested in the second result. 
Indeed, (1^ makes sense by (222) and Ay 7 ^ 0 by the asymptotic compactness of 
the cocycle p in Y. In the following, we show that Ay satisfies Definition 2.5. 

Step 1. We claim that the set Ay is measurable in X (w.r.t the P-completion 
of P in 17) and Ay £ 27 is invariant by proving that Ay = Ax since Ax is 
measurable (with respect to the P-completion of P in 17) and Ax £ 27 is invariant 
(the measurability of Ax is proved by Theorem 2.14 in [20]). 
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For every fixed r S R and w G O, taking x G Ax{t,uj), by (j2.1L there exist two 
sequences tn —t +c» and Xn & K(r — such that 

ip{tn,T -tn,'&-t„UJ,Xn) (2.3) 

n—¥oo 

Since ip is P-asymptotically compact in Y, then there is a y G F" such that up to a 
subsequence, 

ip{tn,T - tnyl^-t^l^^Xn) y- (2.4) 

n—>-oo 

It implies from (12.2|) that y G Ay{t,uj). Then by {H2), along with (12.3|) and (12.4L 
we have x = y € ^x(t, w) and thus Ax{t,uj) C ^y(r, w) for every fixed r G M and 
(jj G n. The inverse inclusion can be proved in the same way then we omit it here. 
Thus Ax = Ay as required. 

Step 2. We prove the attraction of Ay in T by a contradiction argument. Indeed, 
if there exist 6 > 0, Xn & B{t — tn, 'd-t„oj) with B G V and —>■ +oo such that 

distY (<p{tn, T -tn,'&-t„UJ,Xn), Ay >6. (2.5) 

By the asymptotic compactness of (p in Y, there exists yo GY such that up to a 
subsequence, 

ip{tn,T -tn,'d-t„UJ,Xn) > 2/0- (2.6) 

n—¥oo 

On the other hand, by condition (i), there exists a large time T > 0 such that 
yn = ip{T, T -tn, Xn) = ip{T, (r - + T) - T, Xn) 

GK{T-tn + T,§_^t^_T)Uj). (2.7) 

Then by the cocycle property in Definition 2.1, along with (j2.6ll and (j2.7|l . we infer 
that as tn —>- 00 , 

(p{tn,T - tn, W, Xn) = ip^tn -T,T- (tn-T), ■d_( 4 ^_T)W, yn) 2/0 in Y. 

Therefore by (122]), 2/0 G ^y(t, w). This implies that 

disty^(/5(t„,r - tn,l9-tn‘^,Xn),AY(T,Uj)'j -)> 0 

as —>■ oo, which is a contradiction to (12. 5p . 

Step 3. It remains to prove the compactness of Ay in Y. Let {2/n})))Li be a 
sequence in Ay(t,uj). By the invariance of Ay(t,uj) which is proved in Step 1, we 
have 

‘p(t,T - t,'l9-tUJ,AY(T - t,l9-tUj)) = A(t,uj). 

Then it follows that there is a sequence with Zn G Ay{t — tn, d-t,,uj) such 

that for every n G 

yn = P>itn, T - tn, Zn) ■ 

Note that Ay G V. Then by the asymptotic compactness of ip in Y, {yn} has a 
convergence subsequence in Y, i.e., there is a 2/0 G such that 

lim yn = 2/0 in Y. 

n—¥oo 

But Ay{t,uj) is closed in Y, so 2/0 G Ay{t,u)). 
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The uniqueness is easily followed by the attraction property of i-p and Ay S T). 
This completes the total proofs. □ 

Remark, (i) It is pointed out that the assumption (HI) is necessary to guar¬ 
antee that the closure of the set t — t, 'd-tUJ,K{T — t, -d-tuj)) in Y makes sense 
for all t G R+, as in (I2.2I1 . 

(ii) We emphasize that the random attractor Ay in the non-initial space is com¬ 
pletely determined by the absorbing set constructed in the initial space, without 
requiring the absorption in the non-initial space. This is different from the con¬ 
struction in [ 3 . 

2.3. Upper semi-continuity of random attractors in a non-initial space Y. 

Assume that the assumptions {H1)-{H2) hold. Given the indexed set / C M, for 
every £ G /, we use Pg to denote a a collection of some families of nonempty subsets 
of X. Let ^pe{s G /) be a continuous cocycle on X over K and 
We now consider the upper semi-continuous of pullback attractors of a family of 
cocycle ipe in Y. 

Suppose first that for every t G K+,t G K, w G fI,e„,£o G I with £„ —>• Eq, and 
Xn,x € X with Xn ^ X, there holds 

lim. (p^^(t,T in A. (2.8) 

n—^oo 

Suppose second that there exists a map : R x 1 —>■ R'*' such that the family 

Bo = {Bo{t,uj) = {x € X; ||a;||jf < Rso{t,u})} : r G R,w G 12} belongs to V^g. 

(2.9) 

And further for every £ G /, tpe has T>E-pullback attractor Ae G Pe in A fl F and a 
closed and measurable Pg-pullback absorbing set Kg G Pg in A such that for every 
T G R,a; G n, 

limsup||A£(r,w)|| < Reg{T,u}), (2.10) 

6—^£q 

where II^Hx = sup^.^^ ||a;|ljc for a set S. We finally assume that for every r G 
R,w G 12, 

Ug^iAe{T,oj) is precompact in A, and (2.11) 

Ug^iAg{T,oj) is precompact in Y. (2.12) 

Then we have the upper semi-continuity in Y. 

Theorem 2.7. If \2.Al - Ji2Al\) hold, then for each r G R, w G 12, 
lim distx{Ae{T,Uj),Aeg{T,Uj))=0. 

S —^£0 

If further (I{1)-(W2) hold and conditions i2.8\) - i2.12\) are satisfied, then for each 
T G R, 00 G 12, 

lim disty{Ae{T,oo),Agg{T,oo)) = Q. 

S—^£q 


Proof If (j2.8ll - (l2.11ll hold, the upper-continuous in A is proved in [18]. We only 
need to prove the upper semi-continuity of Ag a,t e = Eq in Y. 
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Suppose that there exist S > 0, Sn £o and a sequence {j/n} with pn S Ae„ (t, oj) 
such that for all n S N, 

lim disty(y„,^eo(T,a;)) > 2S. (2.13) 

€—^£0 

Note that j/„ G As„(t,uj) C A(t,uj) = Ue^jAe(T,uj). Then by (12.lip and (I2.12p and 
using (ffl ), there exists a yo € X (lY such that up to a subsequence, 

lim pn = po in X (resp. in Y). (2-14) 

n—¥oo 

It suffices to show that disty(yo, "4^0(r, w)) = 0. Given a positive sequence {tm} 
with tm t +00 as m —>■ oo. For m = 1, by the invariance of Ae„, there exists a 
sequence {yi,n} with ?/i_„ G Ae^ir — such that 

Un = </5e„ (G, T - ti, ?/!,„), (2-15) 

for each n G N. Since ?/i_„ G Ae^ir — C A(t — then by by 

(12.111) and (I2.12p and using {H2), there is a zi G ADF and a subsequence of {yi,n} 
such that 


lim pi^n = zi in X (resp. in Y). (2-16) 

n—^oo 

Then (12. 8 p and (I2.16P together imply that 

Mvn - ti,'d-t^L 0 ,yi^n) = iPeo{A,T - ti,'d-t^L 0 ,zi) in X. (2.17) 

n—¥cci 

Thus combining (I2.14L ()2.15l) and (12.171) we get that 

yo = - ti,d_tiW,zi). (2-18) 

Note that as a -pullback absorbing set in X absorbs Ae„ G 27e„, he., there 
is a T = T{T,w,Ae^) such that for all t>T, 

ip{t,T - t,T}-tOJ,Ae^(T - t,'d-tUj)) c Ke„{T,U}). (2-19) 

Then by the invariance of Ae^{T,uj), it follows from p.l9ll that 

Ae„iT,Uj) C K,„iT,Uj). ( 2 . 20 ) 

Since G ^e„(r — C Ks^{t — then by (12.161) and (I2.10L 

we get that 

||zi||x = lim sup ||yi,n||A < lim sup ||Xe„(r - ti,-d-tj^uj)\\x < Reoir - ti.d-t^Lo). 

n—^oc n—>-oo 

( 2 . 21 ) 

By an induction argument, for each m > 1, there is Zm G X D X such that for all 
m G N, 

Po — V^eo Zm)' (2.22) 

and 


\\Zm\\x < Reo{t - (2.23) 

Thus from (12.91) and (12.231) . for each m G N, 

Zm € Bo{t- tm,'d-t^uj)' (2.24) 

Consider that the pullback attractor Ae^ attracts every element in in the topol¬ 
ogy of Y and connection with Bq G Veo ■ Then Aeg attracts Bq in the topology of 
Y. Therefore by (12.221) and (12.241) we have 


disty(yo,^eo(T,a;)) = disty (</?£(, (t^, r - z^), (r, w)) -)> 0, 
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as m oo. That is to say, distY(yo, Ao('r,w)) = ||?/o - u\\y = 0 and 

thus we can choose a Uq € (t, uj) such that 

l|yo -'“oIIy < (2.25) 

Therefore, by (12.141) and (I2.25|) . as n —>■ oo, 

distY{yn,AeQ{T,uj)) < ||y„ - Molly < hn - VoWy + i5 -)> (5, 
which is a contradiction to (I2.13|) . This concludes the proof. □ 


We next consider a special case of Theorem 2.7 above, in which case the limit 
cocycle ipsg is independent of the parameter to G fl. We call such ipcg a deterministic 
non-autonomous cocycle on X over K. This is, (peg satisfies the following two 
statements: 

(i) y>o(0)U) ■) is the identity on X; 

(ii) (po{t + S,T,.) =ipo{t,T + S,.)o(pQ{s,T,.). 

li ipo{t,T,.) : X i-A X is continuous, then ip^g is called a deterministic non- 
autonomous continuous cocycle on X over R. 

Let Vgg be a collection of some families of nonempty subsets of X denoted by 

V,g ={B = {S(r) 0; B(r) G 2^, r G M}}. 

A family A^g G V^g is called a (Deo-pullback attractor of p^g in X (resp. in F) if 

(i) for each t G R, Aegir) is compact in A(resp. of F); 

(ii) Peg {t, T, Aeg (r)) = Aeg (t + t) for all t G R+ and t G R; 

(iii) v4eo pullback attracts every element of Deo under the Hausdorff semi-metric 
of A (resp. ofY). 

In order to obtain the convergence at e = Sq in Y, we make some modifications 
of the conditions used in random case. We assume that for every t G R+, r G R, w G 
fljSnG I with En —t £o, and Xn,x G X with Xn X, there holds 

Urn ps„(t,T - t,'i9-tuj,Xn) = Peo(t,T - t,x) in A. (2.26) 

n—>-oo 

There exists a map R'^g : R i—R such that the family 

^0 = (KM = {x G X; ||a:||x < i?(.jT)};T G R} belongs to V^g. (2.27) 

For every e G I, Pe has a closed measurable Dg-pullback absorbing set = 
{Ke{T, w); w G D} G Dg in A such that for every r G R, w G fi, 

limsup||Ae(r,w)|| <i?(.^(r). (2.28) 

£—^So 

Then we have the following, which can be proved by a similar argument as The¬ 
orem 2.7 and so the proof is omitted. 

Theorem 2.8. If h2.11\) and i2.26f) - (2.28\) hold, then for each t G R, w G 
lim distxiAeiT,uj),AegiT)) =0. 

E-IEO 

If further hold and conditions i2.12\) and \2.26\) - r2.28\) are satisfied, 

then for each r G R, a; G D, 

lim distY{Ae{T,Uj),Aeg{T)) = 0. 

£—>■£0 
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3. Non-AUTONOMOUS reaction-diffusion equation on with 

MULTIPLICATIVE NOISE 

For the non-autonomous reaction-diffusion equation the nonlinearity 

f(x, s) satisfies almost the same assumptions as [18], i.e., for x G and s G R, 

fix,s)s <-ai\s\P+ il^i(x), (3.1) 


\f{x,s)\ < a 2 \s\^ ^ + V' 2 (a;), 


(3.2) 


■^(/(a;,s) < <T3, 


(3.3) 


|^(/(a;,s)| < V'3(a;). (3.4) 

where ai > 0(i = 1, 2, 3) are determined constants, p > 2, ipi G L^(R'^)nLP/^(R^), 
V '2 G L^(R^) and tps G L^(R^). And the non-autonomous term g satisfies that for 
every r G R and some 6 G [0, A), 



e'^1l5(s:-)lli2(RA')rfs < +00, 


(3.5) 


where A is as in (HH), which implies that 



e^1|ff(s + r,.)|li. (RN)ds < - 1 - 00 , and 


5GLLc(R,i^(K^))- 


(3.6) 


For the probability space we write fl = {w G (^(R,R);a;(0) = 0}. Let 

P be the Borel cr-algebra induced by the compact-open topology of fi and P be the 
corresponding Wiener measure on (11,7^). We define a shift operator 7 on by 


'dtOj{s) = uj{s + t)— oj{t), for every w G fl, t, s G R. 


Then P, {7t}tgR) is a measurable dynamical system. By the law of the iter¬ 

ated logarithm (see H), we know that 

0, as |t| —>■ - 1 - 00 . (3.7) 

For ct) G n, set z{t,w) = Zs{t,uj) = Then we have dz + ez o duj{t) = 0. 

Put v{t,T,uj,vo) = z(t,uj)u{t,T,uj,uo), where u is a solution of problem (ll.ll) - (ll.2l) 
with initial uq. Then v solves the follow non-autonomous equation 

^+Xv- Av = z{t, u})f{x, z~^(t, w)u) -k z{t, u})g{t, x), (3.8) 

at 

with initial condition 


v(t,x) = Vq{x) = z{t,U})uq{x). (3.9) 

As pointed out in [18], for every vq G L^(R^) we may show that the prob¬ 
lem possesses a continuous solution v(.) on L^(R'^) such that v(.) G 

C([t,+oo),L^(R^)) n LIJ(t,+oo),H^(R^)) n LL((t,+oo),LP(R^)). In addi¬ 
tion, the solution v is (7^, i3(L^(R'^)))-measurable in fl. Then formally u(.) = 
z~^(.,uj)v(.) is a (7^,,B(L^(R'^)))-measurable and continuous solution of problem 
(ll.lll - (ll.2ll on L^(R'^) with ug = z~^(t,uj)vo. 
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Define the mapping ip : R+ x R x D x L^(R^) —>■ L^(]R^) such that 

ip{t, r, W, Uo) = u{t + T, T, Wq) = + T, 'd-rOj)v{t + T, T, d-rOJ, z{t, 'd-rU})uo), 

(3.10) 

for uo G L^(K^) and t G R+jT S R,a; G D. Then by the measurability and 
continuity of t in tq G L^(R^) and t G R"*", we see that the mappings (p is 
(,B(R+) X J" X S(L^(R^))) i-A S(L^(R^))-measurable. That is to say, the mappings 
(p defined by (I3.10p is a continuous cocycle on L^(R^) over R and (O, J', P, {'dtjtgR). 
Furthermore, from (13.1011 we infer that 

Lp(t, T — t, d-tOJ, Uo) = u(t, T — t, d-riu, Uq) = z{ — T, Uj)v(t, T — t, 'd-rUJ, z(t — t, 'd-r^)uo)- 

(3.11) 

We define the collection 1) as 

V = {B = {B{t,u}) C L2(R^);t e R,w e D}; 

lim e“'^‘||i3(T — t,d_ta;)|p = 0 for r S R,a; G O, 5 < A} (3.12) 

where ||i3|| = sup^gg ||i;||i 2 (RAr) and A is in (13.8p . Note that this collection V is much 
larger that the collection defined by (TS]. That is to say, the collection V defined 
above includes all tempered families of bounded nonempty subsets of L^(R^). 

We can show that all the results in m hold for this collection 1) defined by 
(j3.12p . Thus, the existence and upper semi-continuous of P-pullback attractors for 
the cocycle (pe in the initial space L^(R^) have been proved by [18] . 

Theorem 3.1f [18|1. Assume that iTOl-iTOI) hold. Then the cocycle ip^ has a 
unique V-pullback attractor Ae = {Ae{T,u})^T G R, w G fl} in L^(R'^), given by 

-(R" ) 

Ae{T,uj) = ip{t,T - t,d-tUJ,Ks{T - t,d-tU})) , rGR,a;GD, (3.13) 

s>0 t'>s 

where Kg is a closed and measurable P-pullback absorbing set of ipg in L^(R^). 
Furthermore, Ag is upper semi-continuous in L^(R^) at e = {). 

Note that in most cases, we write v (resp. ip and z) as the abbreviation of 
z;e(resp. ipg and Zg). 

In the following, we consider the applications of Theorem 2.6-2.8 to the non- 
autonomous stochastic reaction-diffusion (fTTt-ifra. We will strengthen the result 
of Theorem 3.1 holds in the smooth functions space iJ^(R^). In particular, we 
prove the upper semi-continuity of the obtained attractors Ag in 

4. Existence of pullback attractor in 

In this section, we apply Theorem 2.6 to prove the existence of (D-pullback at¬ 
tractors in H^{R^) for the cocycle defined in (13.101) . To this end, we need to 
prove the uniform smallness of solutions outside a large ball under H^{R^) norm 
(see Lemma 4.4), and in the bounded ball of R^, we will prove the asymptotic 
compactness of solutions by a combined space splitting and function truncation 
technique (see Lemma 4.5 and Lemma 4.6). 

Consider that < z{s,u}) = for e G (0,1], and a;(s) is 

continuous function in s. Then there exist two positive random constants E = E{u}) 
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and F = F{uj) depending only on oj such that for all s G [—1, 0] and e G (0,1]. 

0 < E < z(s,uj) < F, w G n. (4-1) 

Hereafter, we denote by |1.||, ||.|lp and ||.||_yi the norms in LP(R^) and 

H^(R-^), respectively. The number c is a generic positive constant independent of 
T, w, B and e in any place. We always assume p > 2 in the following discussions. 

4.1. estimate of solutions. This can be achieved by a series of previously 

proved lemmas. First we stress that Lemma 5.1 in [18] holds on the compact inter¬ 
val [t — 1, r], which is necessary for us to estimate of the tail of solutions in H^(R-^). 

Lemma 4.1. Assume that 1,9.111 -/ 1X51) hold. Given r G R, w G H and B = 
u;);r G M, w G H} G T>, then there exists a constant T = T(t,uj,B) > 2 
such that for all t >T, the solution v of problem JOIl-JO) satisfies that for every 
C G [r- 1,t], 

\\v{f,T - t,d-rUJ,z{T - t,'d-rUj)uo)\\H^^N~^ < ^1 (t, W, ff), (4.2) 

J (^\\v{s,T - t,'d-rUJ,Vo)\\H^ + z'^~P{s,uj)\\v{s,T - t,'d-rUJ,VQ)\\P'jds < Li{T,UJ,e), 

(4.3) 

where ug G B(t — tj'd-tLo) and Li{T,uj,e) = cz~'^{—t,uj) e'''® 0 ^(s, w)(||(/(s-|- 

T, .)|p -h l)ds. 


Proof By (13.81) . it is easy to calculate that 

+ ^A||uf -f llViif + a,z^-P{t,u:)\\vrp < cz\t,u;)iUt, .)f + ||V-i||i), 

(4.4) 

to which we apply Gronwall’lemma over the interval [t — t,^], where f G [r — l,r] 
and t >2, we find that, along with uj replaced by 'd-rW, 

lk(C,'r-i,d_^a;,?;o)f + ^ J ||r)(s,r - t,d-TW, i;o)|l 

f iix/ijGs t Vo)||^ -I- aiz'^~P{s,d-r‘jj)\\v{s,T - t,d_T-w,Wo)llp)ds 

e 

r — t 

(4.5) 


<e — t, d_ra;)||uo|P-I-c J 

If ^ G [r — 1,t], then 


^ds 


'^^z^{a,'d-ruj){\\g{a, .)f + \\ijji\\i)da. 


^_Ar < g-A4 < g-A(r-l) 

and therefore (14.51) along with (14.61) implies that 
\\v{f,T-t,'d-riO,Vo)\\'^ 


(4.6) 


+ J ^^(h\\v{s,T -t,'d-rUJ,Vo)\\Hi Faiz"^ P{s,'d-rUj)\\v{s,T - t,'d-rUJ,Vo)\\P^ds 

< e^z^ir - t,d-rUj)\\uo\\‘^ -b ce^ f e~^^^~'^h^{cr,-d-rUj){\\g{a, .)||^ -b ||V^i||i)dcr 

J T — t 
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< 


+ c / z'^{a,uj){\\g{a + t, .)\\'^ + l)da\ 

^ J — OO ^ 


(4.7) 


where h = min{-|, 1}. From (13.71) . we can calculate that 

lim =0 

for A > 5 > 0. Then for each r G M, a; G fl and uq G B{t — t, 'd-tuj), by (13.121) we 
deduce that 


(4.8) 


lim z\-t,uj)e-''^\\uo\\ = lim e-'’*||uo|| = 0. 

t—¥-\-oo t^+OO 


(4.9) 


Then by (|4.7|) - (I4.9L it implies that there exists Ti = Ti{t,uj, B) > 2 such that for 
all t>Ti and ^ G [r — 1, r], 

rO 


\\v{^,T-t,'&-rUj,vo)f < cz ^(-r,a;) / z‘^{s,uj){\\g{s + t, .)f + l)ds, 

J — OO 


(4.10) 


and 


J ^'>(\\v{s,T-t,'d-rU;,vo)\\‘jj^+ z"^ ^(s, a;)||u(s, r - t, d_.rW, 110)11^)rfs 

<cz~'^(-T,uj) f e^®z^(s,a;)(||5(s + r, .)|p + l)ds. (4.11) 

J —OO 

On the other hand, by (13.81) . we deduce that 


dt 


II Vuf + All Vuf < c|| Vuf + z\t, uj)i\\git, .)f + U,f). (4.12) 


Note that — T + t>t — 1>1 for ^ G [t — 1, r] and t> 2. Then applying Lemma 
5.1 in over the interval [r — t, for ^ G [t — 1, r], we get that 

||Vu(^,r -t,il_^a;,uo)||^ 

..A 


< 


■ f "^^ll Vu(cr, r — f, uo)|p(icr 

Jr-t 


^-T + t 

+ c / e'^*''^“'^^||Vu(cr, r — t,'d_T-a;,Uo)ll^c^o’ 

J T — t 

+ c f z'^{a,'d-rU}){\\g{a, .)f + l)da 

J T — t 

<c f e'^^‘^“'^^||V?;((T,r — t,i?_T-a;,uo)|pd(T 
J T — t 

+ cz~^{-T,uj) f e^®z2(s,a;)(||g(s + r, .)f + l)ds, (4.13) 

J — OO 

where we have used (14.61) . Then by (14.131) and (14.111) it follows that there exists 
T 2 = T 2 (r, w, B) >2 such that for all t > T 2 , 

||Vu(C,T - t,d_.rW,i;o)f < cz-‘^{-T,u}) f e^^z2(s,a;)(||g(s + r, .)||2 + l)ds, 

J —OO 

(4.14) 
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|a:|>fc 


which is finite for all ^ G [r — 1,t]. Taking T = max{Ti,r 2 }, then for all t > T, 
(j4.10l) and (j4.14|) together imply the desired. □ 

Lemma 4.2. Assume that Ii3.1\) - li3.5\} hold. Given r G R, w G 14 and B = 
{B(t,u})]t G R,o; G 14} G 14, then for every e > 0, there exist two constants 
T = T(t, w,e,i3) > 2 and R = R{T,ijj,e) > 1 such that the weak solution v of 
problem i3.8\) - ![3^) satisfies that for all t > T and k > R, 

j \v{t, t — t, ’d-T-co, z(t — t, 'd-rOj)uo)\‘^dx 

+ J J \ 37 v{s,t — z{t — t,'d-r^)uQ)\'^dxds < e, 

\x\>k 

where uq G B{t — t^d-tuj), R and T are independent of e. 

Proof The proof is a simple modification of the proof of Lemma 5.5 in |18j . We 
hrst need to define a smooth function ^(.) on R+ such that 

fO, if0<s<l, 

?(s) = < 0 < ^(s) < 1, ifl<s<2, (4.15) 

[l, ifs>2, 

which obviously implies that there is a positive constant Ci such that the |C^(s)| + 

I 

|^"(s)| < Cl for all s > 0. For convenience, we write ^ 

From (13.81) . we know that 
l_d 
2 dt 


^\v\'^dx ^ J “ J ^vAvdx 

R'V RW RAT 

= z{t,uj) J f{x,u)v£,dx + z{t,u}) J gvf^dx. 

R'V RAT 

By calculation, we have the following: 

— J £,vAvdx = J v{yf,.yv)dx + J ^iVwpda; 


(4.16) 




R" 


J + J CiVupda; > -^||u||^i + J £_\Vv\^dx, (4.17) 

k<\x\<V2k R^ 

z{t,uj) J f{x,u)v^dx<—aiz’^~P{t,oj) J ^\v\^dx + z'^{t,uj) J ^ijjidx, (4.18) 

R-^ R" R-^ 

z{t,uj) J gv^dx ^\v\'^dx +^z'^{t,u;) J ^g'^dx. (4.19) 


RJV RAf 

Then combining (14.161) - (I4.19|) we get that 
_d 
dt 


^\v\'^dx + X J £,\v\'^dx+ J ^\Vv\'^dx 




R'V 














REGULARITY OF PULLBACK ATTRACTORS AND EQUILIBRIA 


15 


<cz^{t,u}) J + \g{t, x)f)dx + ^WvWjji. (4.20) 

Applying the Gronwall’lemma to (14.201) over [r — t,T], we find that, along with w 
replaced by ■d_rW, 

J ^\v{t,T — t,'&-rUJ,Vo)\‘^dx + J J ^\Vv{t,T — t,'d-rUJ,Vo)\‘^dxds 

RW * R-W 

<cz~'^{t,u}) f f (Itpil + \g{s + T,x)f)dxds 

J —OQ J 


|x|>fe 


+ T [ '''>\\v{s,T - t,'d-r^^,Vo)\\j^ids + z^{-T,uj)e ^^z‘^{-t,ui 

Jr-t 

(4.21) 

According to Lemma 4.1, there exist Ti = Ti(r, w, B) > 2 and i?i = i?i(T, w, e) > 2 
such that for all t > Ti and k > Ri, 


^ J ''^\\v{s,T -t,'d-rU},vo)\\Hids < 


2 ^ cL(r,a;,e) ^ 


t - 3- 

On the other hand, for each r G R, w S 0 and uq € B{t — t,'d-tuj), by (14.91) . there 
exists T 2 = T 2 (t, uj, B,e) > 0 such that for all t > T 2 , 

“ ^ (4.23) 


z^i-T,uj)e-^*z^i-t,uj)\\uor < ^ 

By (14.81) . there exists a random variable a{uj) depending only on w such that 
0 < z^{s,uj) < a(uj), for s G (—oo,0]. 

Then by (13.Op . we can deduce that for every r G K, 

/ O p pO 

e'''®z^(s, w) / jg(s + T, x)j^dxds = / e^'^“'^^'*z^(s,a;)e'^®||g(s + r, .)||^ds 

-00 J J —00 


R" 


< a(uj) / e^®||g(s + r, .)||^ds <+ 00 , 

J —00 


(4.24) 

where <5 G [0,A). Then by (14.241) and V'l G L^, there exists i ?2 = i? 2 (T,a;,e) such 
that for all k > R 2 , 

cz~‘^{t,uj) j e^^z'^{s,u}) J {\'ilJi\ + \g{s + T,x)\'^)dxds < ^. (4.25) 

\x\>k 

Given T = max{Ti,T 2 } and R = max{i?i, B 2 }, then combining (14.221) - (14.231) and 
(14.251) into (I4.2ip . we have for alH > T and k > R, 

J \v{t,t — t,'d-rUj,VQ)\^dx + J J \Vv{t,t — t,'d-rUJ,vo)\^dxds < e. 

\x\>k \x\>k 

Then the desired result follows. □ 
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Lemma 4.3. Assume that 1,9. jp -z TOj) hold. Given t S K., w G and B = 

G K.,w G ri} G TA, then there exists T = T{t,uj,B) > 2 such that the 
weak solution v of problem iS.8\} - i3.9\} satisfies that for all t >T, 

[ i 9 _.rw)||i;(s, r-t, d-rUJ, z{t - t, 'd-rU})uo)\\lpZlds < L2(t, w, e), 

Jt-1 

J e^^''~^'>\\vsis,T - t,'&-rUJ, z{t - t,'d-rUj)uo)\\‘^'^ds < L3(T,UJ,e), 


where Vg = Uq G B{t — t^d-tuj) and 


L 2 {T,uj,e) = cz ^(K^) [ e^'*z^(s,a;)(||g(s + r, .)|p + l)ds 

+ f e^®zP(s,a;)(||5(s + T, .)f+ l)dsy 

J —OO 

L 3 (t, a;,e) = c(F^ P5 (w) + l)Li(r,w,e) + cz p e'^®z^(s,a;)(|| 5 (s 

J —OO 

where F is as in uj,e) is as in ^4^ b{uj) is as in i4.32^ . 

Proof We multiply (1,3.81) by and then integrate over to yield that 

— blip + A||u||^ < z(t,a;) J fix,z~^v)\v\P~^vdx + z{t,ui) J \v\P~^vgdx. (4.26) 

By using (13.11) . we see that 

zit,w) J f{x,z~^v)\v\P~'^vdx<—aiz'^~P{t,uj) J + z^(t, w) J 'ilJi{x)\v\P~'^dx 

R" RN R-N 

R« 

(4.27) 

At the same time, the last term on the right hand side of (14.261) is bounded by 
z{t,uj) J \v\P~'^vgdx < ^aiz‘^~P{t,u}) J \v\‘^P~‘^dx + czP{t,u})\\g{t, .)\\‘^. (4.28) 

R-N R-f^ 

Combination (|4.26|) - (|4.28|) . we obtain that 

j^WvWl + 2A||i;||^ + a^z^-P{t,u;)\\v\\Zzl < cz^(t,a;)(||g(t, .)f + 1). (4.29) 

Applying Lemma 5.1 in [26] over [t — t,^] for ^ G [r — 1,t] and t > 2, along with 
u! replaced by tt-rUj, we deduce that 

||i;(^,T - t,-d_^a;,i;o)||^ < c [ ||w(s, r - t, ■i;o)||P(is 

J T — t 


+ l)c?s 


+ CZ P{-T,uj) f e^*z^’(s,a;)(||5(s + T, .)|p + l)(is 

J — OO 


(4.30) 
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where we have used (I4.6|l and ^ — T + t>t— 1 > 1 for ^ € [t — 1, r] and t > 2. On 
the other hand, we see that 

r e^^^^-^^\vis,T-t,^_rCo,voWpds 
J T — t 

= z'^~P{-T, uj) f - r, Uj)z^~P(s, l?_rw)||u(s, T-t, d-rUJ, uo)||^ds. 

(4.31) 

Consider that when s —>■ —oo, e^^zP~^(s,uj) and z‘^~p{s,uj) —?► 0. Then there 
exists a variable 6(a;) depending only on ui such that 

0 < w) + w) < 6(a;), sG(— oo,0]. (4.32) 

from which and (I4.3ip . association with Lemma 4.1, it follows that there exists 
T = r(r, uj,B) >2 such that for all t > T, 

f ||u(s, T-t, l9-rUJ, Uo)||pC?S 

J T — t 

<b{u:)z^-P{-T,U:) r e^^^-^h^-P{s,^.rUj)\\v{s,T - t,^.rCO,Vo)rpds 
J T — t 

r° 

< cb{uj)z P{—T,uj) / e'^®z^(s, a;)(||(;(s + T, .)|p + l)(is. (4.33) 

J —OO 

Then by (14.301) and (14.331) we get that for alH > T and ^ S [r — 1, r], 

||u(^,T- t,'!?_^w,uo)||P < cz~P{-T,uj)(b{uj) f (s, w)(||g(s + T, .)f + l)ds 

' J — oo 

+ f e^"zP(s,a;)(||g(s + T, .)f+ l)dsy (4.34) 

In (14.291) . omitting the number 2 of the second term on the left hand side, we 
multiply (14.291) by and then integrate (w.r.t t) from [r — 1,t] to yield that, 

along with uj replaced by i?_rW, 

[ e^^''~'"'>z^~P{s, i?_rw)||?;(s, r - t,'d-rUj, vo)\\lPzlds < e“^||u(T - 1, r - t, d-rUj, wo)|| 

Jt-1 

+ c [ e^(''"'"^ 2 ;^’(s,i?_^a;)(||g(s,.)f + l)ds. 

Jt-1 


(4.35) 


Then combination (j4.34l) and (I4.35p . we deduce that for all t >T, 

[ l?_.rW)|k(s, T - t, l^-rW, Uo)|l2p2^^S 

Jt-1 

<cz~P{-T,uj){b{uj) f e^®7;^(s,a;)(||5(s + r, .)|p + l)(is 
^ J — OO 

+ r e^*z^'(s,a;)(||g(s + r,.)f+ l)ds) 

J — OO ^ 

from which and (|4.1I) it follows that for alH > T, 

e~^ [ e^^''~^h'^~^P{s,'d-rUj)\\v{s,T-t,d-rU},vo)\\lpZlds 

Jt-1 


■T3 ■T3 
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< f g2A(s t )^4 
Jt-1 

= zP~'^{-T,uj) f - T,uj)z^~P{s,'d-rUj)\\v{s)\\l^Zl 

Jt-1 

< zP-^-t,uj)F^-p r 

Jt-1 

<cz~'^{-T,u})F'^-p{h{u}) f e^'*z^(s,a;)(||g(s + r, of+ l)rfs 
^ J — oo 

+ r e^^^^’(s,a;)(||g(s + r,0f+ l)ds). (4.36) 

J — OO ' 

, we multiply (13.8|) by Vt 


For the estimate of the derivative Vt in Lf^^(R, 
and integrate over K.-^ to produce that 

Ikf+ ^|(A|ff+ ||V4;f) 

= z{t,oj) / f{x,z~^v)vtdx + z{t,u}) / gvtdx 
JR^ Jr^ 

< ^Iftf + 2ai2'‘”^^(t,a;)||z;||2^:2 + 2zft,a;)||V'2f+ 2:fi,w)||5(i,0f. 


i.e., we have 


^ + ^(Af f + II Vz;f) + A(A||uf + II Vuf) 

< cz‘^-^P{t,w)\\v\\lPzl + 4:Z^{t,w)i\\g{t, .)\\'^ + \\iIj2\\^) 

+ A(A||uf+ ||V^f). 


(4.37) 


Multiplying (14.371) by then integrating about t over [r — 1, r], it give us that, 

together with w replaced by d-rUJ, 

f If s(s, T-t, d-rUJ, Uo)f ds 

Jt-1 

<c [ e^‘^''~^'>z‘^~^P{s,'d-rUj)\\v{s,T-t,d-rUJ,vo)\\lPzlds 

Jt-1 

+ C f e^^'‘~'^'>\\v{s,T - t,'d-rUj,VQ)\\jjids 

Jt-1 

+ c [ e^'*zfs,z?_^)(|f(s,.)f + l)ds 

Jt-1 

+ c|f (r - 1, T - t, d-rUj, wo)||ffi ■ (4.38) 

Then by applying Lemma 4.1 and connection with (I4.36P and (14.381) . we deduce 
that there exists T = T(t^ui,B) > 2 such that for alH > T, 

f _ t,'d-rUJ,vo)\\'^ds 

Jt-1 

.0 

<c{F‘^ Ph{uj) FI)Li{t,uj,£) F cz ‘^{-t,uj)F‘^ p 

J —OO 


ds 


e^''2:P(s, w)(|f (s + r, .)f + l)ds 
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This completes the proof. □ 

We now can prove the 77^-tail estimate of solutions of problem (I3.8l) - (l3.9p . which 
is one crucial condition for proving the asymptotic compactness in 

Lemma 4.4. Assume that 1,9.ill -/ TOP hold. Given t G M.,lo G fl and B = 

{i9(r,u;);r G R, w G fl} G then for every e > 0, there exist two constants 
T = T(T,uj,e, B) > 2 and R = R{T,u},e) > 1 such that the weak solution v of 
problem k3.8\) - i3.9\) satisfies that for all t > T, 

j ^|u(t, T — t, ■d-rW, z{t — t, 'd-rU})uo)\‘^ + | Vi;(r, T — t, d-rU}, z{t — t, d-rOj)uo)\'^^dx < e, 
|x|>R 


where ug G B{t — t,d-tuj) and R,T are independent of e. 


Proof Given ^ being defined in (4.15), we multiply (13.81) by —fAv and integrate 
over to find that 
l_d 
2 dt 


4|Vi;pda;+ J {'Vf.yv)vtdx 




+ A y f\yv\‘^dx + y (V^.Vu)Tdx + y f\Av\'^dx 

R" R'' 

=—z{t,oj) y f{x,z~^v)fAvdx — z{t,u}) y gfAvdx. (4.39) 

R'V RW 

Now, we estimate each term in (14.391) as follows. First we have 
{'S7f.Vv)vtdx + \ y {'Vf.Vv)vdx 

= J{vt +\v){^.Vv)f'dx < + \\v\\hi), (4.40) 

R"' 

where and in the following the constant c is independent of k and e. For the 
nonlinearity in (14.391) . we see that 

—z f f{x,z~^v)fAvdx = z j f{x,z~^v){yf,.Vv)dx + z f {-^f{x,z~^v).Vv)(,dx 

R'V RiV 

+ j ^f{x,z~^v)\yv\’^^dx. (4.41) 


R« 


R" 

On the other hand, by using (13.21) . (13.31) and (13.41) . respectively, we calculate that 

zy/2Ci 


z y f{x,z ^v){Vf.Vv)da 

R'V 


< 


\f{x,z ^v)\\Vv\dx 


k<\x\<V2k 

+ + ||Vz;f), (4.42) 
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y^/(a:, z ^v)\Vv\‘^^dx < as J ^\Vv\^dx, (4.43) 

R-N R-^' 

d f 

{-^f{x,z~^v).Vv)idx <z \ijj3\\yv\^dx 

R" R-N 

< ^ J ^\Vv\^dx + cz^ j ^li^sfdx. (4.44) 

R'' RJV 

Then it follows from 14.411) - (14.441) that 


-z / /(x,z-MCAndx<-(z4-^^’||H||:^ + z^||V-2r + ||Vz;r) 


RN 


^ y y dx + as j ^\yv\'^dx. 

R-W R"' R-^' 

(4.45) 

For the last term on the right hand side of (I4.39|) . we have 

^ J g^^vdx <i j ^\/:^v\^dx+ j ^\g\^dx. (4.46) 

R-N R'^ RN 

Then we incorporate (14.401) and (I4.45F(I4.46I) into (14.391) to find that 

^ J ^\yv\^dx + X J ^\yv\^dx < ^{\\vtf+ \\v\\jji + z^-‘^p\\v\\llzl +z‘^\\i} 2 \\‘^) 

+ 2as J ^\X/v\‘^dx + cz^ J ^(IV'sP + \g\‘^)dx. 




R'V 


R" 


(4.47) 


Applying Lemma 5.1 in to (I4.47|) over [r — 1,t], we find that, along with w 
replaced by 'd-T<^, 

J — t,'d-TOJ,vo)\'^dx 

R^ 

- 1yy ^-rw)\Hs)\\i-_i 

z^{s,d-r 0 j)\\'il) 2 \\‘^)ds -\- c f ( \Vv{s)\‘^dx 

Jt- 1 I 2 j 

\x\>k 

+ cz~'^{t,uj) j e^’"z^{s,uj) f di’sl'^ + \g{s + T,x)\'^)dxds, (4.48) 
J —oo J 

\x\>k 


where v{s) = v{s,t — t^d-rUj, z{t — t,'d-r^)uo). Our task in the following is to 
show that each term on the right hand side of (14.481) vanishes. First, by Lemma 
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4.2, there are two constants Ti = Ti{t,uj, B,€) > 2 and Ri = Ri{t,ijJ,€) > 1 such 
that for all t>Ti and k> Ri, 


:J J \Vv{s,T — t,'d-TUj,vo)\‘^dxds < ^. 


(4.49) 




By Lemma 4.1, it follows that there exist T 2 = T 2 (t, uj,B) > 1 and R 2 = 1 ? 2 (t, to, e) > 
2 such that for all t>T 2 and k > R 2 , 


f ^'>\\v{s,T - t,d-rUJ,Vo)\\Hids < 

Jt-1 


(4.50) 


By Lemma 4.3, there exist T 3 = T 3 (t, w, B) > 2 and R 3 = Rsir, w, e) > 1 such that 
for all t >T 3 and fc > i? 3 , 


c 

k 

and 


J ^P(s,l9-rUj)llv(s,T-t,l9-rUJ,Vo)ll2p-2ds < ^L 2 (T,UJ,e) < 


e 

6 ’ 

(4.51) 


J ^)||us(s,T - t,i?_rW,uo)||^(is < |L3(r,w,e) < ^. (4.52) 

Similar to (14.251) . we deduce that there exist R 4 = R 4 {T,uj,e) such that for all 
k > R 4 , 

cz~'^{t,uj) J e^'‘z^(s,uj) J + \g{s+ T,x)\'^)dxds < ^. (4.53) 

\x\>k 

Obviously, there exists R 5 = R^ir, w, e) such that t for all k > R 5 , 

,d-rUj)\\t{j2\\'^ds < ^\\'iIj2\\'^z~'^{-t,u}) J (s, a;)ds < ^, 

(4.54) 

where e^^z^(s,uj)ds < + 00 . Finally, take 

T = {Ti, T 2 , T 3 }, R = max{i?i, R 2 , R 3 , R 4 , i^s}. 

It is obvious that R and T are independent of the intension s. Then we combine 
(I4.49I) - (I4.54I) into (14.481) to get that for alH > T and k > R, 

J \'^v{t,T — t,'d-rOJ,Vo)\'^dx < €. 

\x\>V2k 

Then connection with Lemma 4.2, the desired result is achieved. □ 




4.2. Estimate of the truncation of solutions in L^p Given u the solution 
of problem (lIIID-dra), for each fixed t G R, a; S O, we write M = M{t,u}) > 1 and 

]R^(|u(r, T — t, 'd-rUJ, uo)| > M) = {x G |m(t, t — t, d-rZJ, uo)| > M\}. 

We introduce the trunctation version of solutions of problem (I3.8|) - ()3.9I) . Let 
{v — M)+ be the positive part of u — M, ie., 

V — M, ii V > M; 

0, if u < M. 


{v — M)+ = 
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The next lemma show that the absolute value |u| vanishes in L^^’^^-norm on 
the state domain ]R^(|u(t, r — t,'d-TUj),uo)\ > M) for M large enough, which is 
the second crucial condition for proving the asymptotic compactness of solutions 
in H^‘ 


Lemma 4.5. Assume that i f,*?. hold. Given r G ]R,w G O and B = 
G M,a; G n} G 2?, then for any t] > 0, there exist constants M = 
M{T,uj,r], B) > 1 and T = T{t,uj,B) > 2 such that the solution Ug of problem 
satisfies that for all t > T and all e € (0,1] and uq € Blr — t, d-tuj), 


:,eG-T) 


;(s, T — t, tt-rOJ, z{t — t, T}-rOj)uo)\'^^ ^dxds < rj, 


J T—1 J'R^{\v{s,T — t.,'d — TiJ,z{T — t.,'d — Tij)UQ)\'>M) 

where p > 2 and M, T are independent of e and 

p= p(T,a;,M) = ai£;2-Pe-(^’-2)|c^(-r)|^p-2^ 

Proof First, we replace w by in (l.'l.SIl and see that 

V = v(s) =: v(s, T — t, tt-rUj, uo), s G [r — 1 , r], 

is a solution of the following SPDE, 

dv , . z(s — T,oj) , z(s — T,uj) , , 

— + Xv-Av = — - -^/(x,u)H- - - ^g{s,x), (4.55) 

ds Z{ — T,UJ) z{ — T,Uj} 

with the initial data vq = z{t — t,d-rUj)uQ and uq G B{t — t,'d-tuj). 

We multiply (14.551) by {v — and integrate over to get that for every 

s G [r- l,r], 

[ {v — M)^dx + X [ v{v — MYr^dx— [ Av{v — M)^^dx 
p ds 7rn Jrn Jrw 

z{s-T,u;) f , z{s-T,uj) 


z{-T,Uj) 




f(x,u){v — My, ^da; H —[ g{s,x){v — M)y ^dx. 


Z{-T,U}) 


(4.56) 

We now have to estimate every term in (j4.56l) . First, it is obvious that 

— f Av{v — M)^^dx = {p — 1) ( (u — M)((r^|Vupdx > 0, (4-57) 

A / v{v — M)^^dx > X f {v — M)\dx. (4.58) 

Jr’^ Jr’^ 

If u > M, then u = z~^{s,'d-T 0 j)v > 0, and thus by (13.11) and (14.ip . we find that 
for every s G [t — 1, r], 

fix,u) 

/2(s-r,w)^^l-P 1 z{s-T,uj)yi{x) 

<-ai —7-7- \v'^ -> - 

V Z[—T.uj) / 


< - 




z(—r, w) 7 z{—T,oj) V 

fP. \ 1 — p 1 / R \ 1~P 

MP-‘^{v-M)- -aA- --) (u-M)P-i + 

2 \z{—T.U})/ 


F 


-Z{-T,UJ) 

by which we find that 

z{s — r, uj) 

Z{-T,UJ) jRiV 


z(-T,a;). 

[ /(x, u){v — M)^^dx 

jRiV 


Z{-T,UJ) 


\tfi{x)\{v - M) \ 
















< -- 


REGULARITY OF PULLBACK ATTRACTORS AND EQUILIBRIA 

E \2-P 


23 


^ / E \ 2 -p r ^ / E \ 2 -p r 

7 -r) / {v — M)^dx —-ai( — -rj / {v — M) 

2 ^\z{-T,uj)J 2 ^Vz(-r,w)y ^ 

F ^2 


2p- 

+ 




< - 


.Z(-T,UJ) 

E \2-p 


\il}i{x)\{v — M)\ ^dx 




^ / K \ 2—p f ^ / K \ 2—p r 

-ai(—-r) M^~'^ / (l! — M)^da; —-ai ( —7 -r) / {v — M) 

2 Hz(-t,w) 2' 2 ^z(-r,w)y ^ 


.z(-T,a;) 

+ / (w-M)^dx + c( 

^ jRiv ^ 


2p- 

+ 


F \p 


Z[ — T,UJ)^ JR«‘(«>M) 


(4.59) 


The second term on the right hand side of (14.561) is estimated as 


F 


Z(-T,UJ) 


[ g{s, x){v{s) - M)P_ Ux <^ai( 
JRW 4 V 

a^ \ 


E \2-p 


Z{-T,UJ) 

F n2 


' / {v- M)f-^dx 
JRN 


)(; 


/RJV 
i? \P-2 


aiVz(—T,a;)/ Vz(—r,w)/ Jk'V(„(s)>m) 

< jaJ ^ f {v-M)f-^dx 

g^{s, x)dx. 
(4.60) 

Combination (I4.56|) - (l4.60p . we obtain that 


Ol v 


F \P 


ai\z{ — T,Uj)J yRN(„(s)>M) 


/ (v(s) — M)(! da; + oi (—r——r) ^ [ {v{s) — M)^dx 

ds \z{—T,uj)y J-g^N 

[ {v — M)^^~'^dx 
Jrn 


+ Ol 

< c 


E \ 2-p 




( ^ 

Xi 

\z{-T,Uj] 

\) V 


)^(ll5(s,-)lP + IIV'illp/z), (4-61) 


(4.62) 


where the positive constant c is independent of £, r, w and M. Note that for each 
r G R and e G (0,1], 

g-|<^(-r)| < 2-i(-r,w) = 

For convenience, we put 

g = p(t, w, M) = rf = d(r, w) = 

Then (I4.6ip is rewrote as 


[ iv{s) — M)^dx + g [ {v{s) — My.dx + d f (v — M)^ '^dx 

dS JgN JgN JgN 


< cFPePl‘^("^4 


+ 1 


). 


(4.63) 


where s G [t — 1,t] and g,E,F are independent of e. By using Lemma 5.1 in |26] 
to (j4.63|) over [r — 1, t], we find that 

d [ f e^^^~'^\v{s) — M)^~'^dxds < [ f (v(s,T — t,'d-TUj,vo) — M 

Jr-l JrN Jt-1 dRN 


‘^dx 


^dx 


g^{s, x)dx 


p 

dxds 

+ 
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+ J + l)rfs. 

(4.64) 

First by (I4.34L there exists T = T(t,uj,B) > 2 such that for all t>T, 

[ [ (v{s,T — t,'d-rUj,vo) — ]Vl] dxds < N{T,uj,e) ->■ 0, (4.65) 

Jt-1 ^ ' + Q 

as Q ^ + 00 , where N{T,u},e) is defined by the right hand side of (14.341) . We then 
need to show the second term on the right hand side of (14.641) is also small as 
g —>■ + 00 . Indeed, choosing g > 6 and taking ^ G (0,1), we have 


(||g(s, .)f + l)ds = m e^(«--)(||g(s, .)f + l)ds + .)f + l)ds 

= e-^" r \^^-^>e^-^{Ms,.)r + l)ds + e-^^ f e'?«(||g(s, .)f + l)ds 

J T —1 J T — c; 

r e^«(||5(s,.)f+)ds+ T (||5(s, .)f + l)ds. 

J —OO J T — q 

By (13.51) . the first term above vanishes as —>■ +oo, and by g G Lf^^CR, L‘^{R^ j) we 
can choose ? small enough such that the second term is small. Then when g —> +oo, 
we have 


cFPePl‘^(-^)l e^("-^)(||5(s,.) + f+ l)ds^0. (4.66) 

Since if M —>■ +oo, then g —>• +oo, so by (I4.64F(I4.66I) . we know that for M —^ +oo, 
f [ (w(s) — M)'^~‘^dxds —?> 0. (4.67) 

Jr-l JrN 

Note that v — M > ^ for v > 2M. Then by (14.671) it gives that 


,e(s—r) 


/ r— 1 


m^{v{s)>-2M) 


|u(s)p^ ^dxds —>■ 0, 


as M —>■ + 00 . By a similar argument, we can show that there exists T = T(r, w, B) > 
2 such that for all t >T, 




It-1 


u(s)|^^ ^dxds —>■ 0, 


R'V(„(s)<2M) 


as M —>■ + 00 . Then we finish the total proof. □ 


4.3. Asymptotic compactness on bounded domains. In this subsection, by 
using Lemma 4.5, we prove the asymptotic compactness of the cocyle ip defined by 
(I3.10p in HqIOh) for any i? > 0, where Or = {x G K^; |x| < i?}. For this purpose, 
we define (/>(.) = 1 — C(-)i where ^ is the cut-off function as in (4.15). Then we know 
that 0 < (j){s) < 1, and (^(s) = 1 if s G [0,1] and (j){s) = 0 if s > 2. Fix a positive 
constant k, we define 

x^ x^ 

v{t,T,UJ,Vo) = (/)(^)w(<,T, w,wo), u{t,T,uj,uo) = T, UJ , Uq) , (4.68) 
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where v is the solution of problem dS^-dHSl) and u is the solution of problem 
(HIB-dllS) with V = z{t, u})u. Then we have 

u(<, T, w, uo) = uj)v(t, T, oj, Vo). (4.69) 

It is obvious that v solves the following equations: 

{ Vt + Av — Av = 4izf{x, z~^v) + (j)zg — vAip — 2V(j).Vv, 

(4.70) 

v{t,x) = Voix) = cj)Vo{x), 
where 0 = 0(1^). 

It is well-known that the eigenvalue problem on bounded domains with 

Dirichlet boundary condition: 

j —Av = Xv, 
h\9O,^ = 0 

has a family of orthogonal eigenfunctions in both and 77 q (O^^) 

such that the corresponding eigenvalue is non-decreasing in j. 

Let Hjn = Span{ei,e 2 ,...,em} C and be the 

canonical projector and I be the identity. Then for every u G i7g((!I^^), u has a 
unique decomposition: u = ui -|- U 2 , where ui = PmU G Plm and U 2 = {I — Pm)u G 
i.e., Hl{Of.^) =H^® H^. 

Lemma 4.6. Assume that i3.1\) - i3.5\) hold. Given r G M, w G fl and B = 
{B{t,u})]t G M, w G n} G 17, then for every e > 0, there are Nq = iVo(T, w, fc, e) G 
Z~^ and T = T{t, lo, B,e) > 2 such that for all t > T and m > Nq, 

\\{I - Pjn)u{T,T - t,'d-rU},Uo)\\Hi(0^^) < £> 

where ug = (fug with ug G B{t — t,d_,-a;). Here u is as in and N,T are 

independent of e. 

Proof By ()4.69l) . we start at the estimate of v. For v G Hq{Oi,^), we write 
■D = ui -I- 'D 2 where vi = PmV and V 2 = (I — Pm)v. Then naturally, we have a 
splitting about u = mi -I- ft 2 where fti = PmU and U 2 = (I — Pm)u. Multiplying 
(4.47) by Av2 we get that 

2^11^^211^2(0^^) A||Vu2|li2(o^^) -h ||A02|li2(o^^) 

=—z J (l)f{x, z~^v)Av 2 dx + J {(j)zg — vA(j) — 2 V(j).Vv)Av 2 dx. (4.71) 

By (13.21) . we deduce that 

z j cl)f{x,z-\)Ad2dx < \\\^V2\\l^(o^^) +z2||i/;2f . 

^kV2 


(4.72) 
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On the other hand, 

J {(jjzg - vA(j} - 2V(j).Vv)Ai2dx < + Ikf + l|Vuf). 

^kV2 

(4.73) 


Then by (I4.71I1 - (I4.73|) we find that 

^l|Vh2||i2(o^^) + IIAh2||i2(o^^) < c(2:'‘”^^lkllf2;-2(o^^) + 2^||V'2f + ^^llfff + Ikllni)- 

from which and connection with the Poincare’s inequality 

IIAh2||i2(c>^^) > Am+i||Vh2||i2(c>^^), 

it follows that 

^l|Vh2||i2(o^^) + Arr^+l||V^l2||i2(o^^) 

< + z‘^\\^|;2\\^ + z^gf + ||z)||^i). (4.74) 

Applying Lemma 5.1 in to (14.741) over the interval [t — 1, r], we find that, along 
with Lu replaced by d-rUi, 


II V{i2('r, T-t, uo)|li2(o^^) 


< 


D'^m + l('S 'T 


T —1 


^ II Vh2(s, T-t, ^'o)lli2(c,^^)ds 


+ c [ e^-+i("-^)z 4 - 2 P(s,d_^a;)||u(s,r-t,z?_^a;,ho)|| 

Jt-1 

+ c r e^-+^(«-")(^2(s,^_,cc)||V-2f+ ^"(s,w)||g(s,.)f)rfs 

Jr-1 


^ ds 


+ c 


gA^+i(s 

L 

< +C f z'^~‘^^{s,'d-rUj)\\v(s,T — t,'d-rU},Vo)\\ 

Jt-1 

+ [ e^™+i(®“^)||'u(s,r - t,z?_^a;,ho)llHiC^s 

Jt-1 

+ e'^”‘+^^®“'’'^z^(s,i?_i-w)(^||g(s, .)|p + l^ds 

= h + h + h- 


^P ^ ds 


(4.75) 


We next to show that Ii, I2 and I3 converge to zero as m increases to infinite. First 
we have 


h = z 


2p-4 


(-r,w) [ '^P{s-T,Ul)\\v{s,T-t,'d-rUJ,Vo)\\%pJ 2 rr^ yds 

Jt-1 


ds 


<z^p-\-t,uj)F^-^p( r / \vis,T-t,d-rUJ,vo)\^P-^dxds 

^Jt-1 Jo^^{\v(s)\>M) 
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_l_ f gAm+i(s t) f \v{s,T — t,'d-rUj,vo)\^^ ^ dxds] . (4.76) 

Jr-1 JO^^{\vis)\<M) ^ 

By Lemma 4.5 there exist Ti — Ti{t,u;, B) > 2, M = M{t,w,B) such that for all 

t>Ti, 


oeis -7 


\v{s,T — t,d-rUJ,vo)\'^^ ^dxds<€. (4.77) 


JO^^{\v(s)\>M) 

But Am+i —t + 00 , then there exists N' = N'{t,uj) > 0 such that for all m > N', 
\m+i > Q- Hence by (14.771) it gives us that for all t>Ti and m> N' there holds 


r eA™+i(.-r) f 

Jr-1 Jc 


0 ^^{\v{s)\>M) 


.){s,T — t,'d-rUJ,Vo)f^ ^dxds < 


(4.78) 


For the second term on the right hand side of ()4.76p . since Of.^{\v{s)\ < M) is a 
bounded domain, then there exists N” = N”{t,uj) > 0 such that for all m > N”, 


i(s-'r) 




\v{s,T — ^dxds 


< ^M^P-^\{0,^{\v{s)\ < M))\ < e, (4.79) 

Am+l 

where |(0^.^(|u(s)| < M))\ is the finite measure of the bounded domain C>^^(|u(s)| < 
M). Put = max{A^', TV"}. It follows from (I4.76I) - (I4.79I) that for all m> Ni and 
t>Ti, 


h < C'i(T,w)e. 


(4.80) 


By Lemma 4.1, there exists T 2 = T 2 (r, w) and N 2 = N 2 {t,uj) > 0 such that for all 
m> N 2 and t >T 2 , 


I 2 < 


Li{T,uj,e) 

Am+l 


< £• 


By a same technique as (14.661) . we can show that there exists TV 3 
such that for all m > TV 3 , 


(4.81) 
N 3 {t,uj) > 0 


h = .)f + l)ds < e. (4.82) 


Let Nq = ma.x{Ni, N 2 , N 3 } and T = max{Ti,T 2 }. Then combination (14.751) and 
(I4.80I) - (I4.82I) . we get that there exists a finite constant g, = h{t,uj) > 0 such that 
for all m > Nq and t >T, 


\\'^V 2 {t,t - t,d-rUJ,Vo)\\L 2 ^ 0 ^^) <Ci{t,U})€. (4.83) 

Then by (13.111) and (I4.83L we have 

II V{t 2 (T, T-t, uo )|| l 2 ( o ^^) = z(-r, uj)\\Vv 2 {t, r-t, uo)IIl 2 (Oj,^) < <^ 2 ( 1 -, 

for all m > Nq and t >T, which completes the proof. □ 


Lemma 4.7. Assume that iS.l\) - iS.5\) hold. Given r G R, w G H, then for every 
k > Q, the sequence {u{t, r—tn, d-rUJ, 0(p-)uo,ra)})}Li has a convergent subsequence 
in whenever tn ^+00 and uo^n & B{t — tnjd-t^uj). 
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Proof Given e > 0, by Lemma 4.6, there exist Nq G Z+ such that as tn —>■ +oo 

W - PNa)u(T,T — < C. (4.84) 

By Lemma 4.1, we deduce that if large enough, 

\\Pnou{t,t - <Li(T,UJ,e). (4.85) 


Note that = PNoH^{Of,^ ) + {I -PNo)H^{Ok^), but PnoH^[0^^) is 

a finite dimensional space. Then by (I4.85p . if n,m large enough, 

\\PNoHt,T- tn,^-TUJ,(l)i^)uo^n) “ PnoHt,T- (/)( — )Mo,m || (O;,^) < £• 

(4.86) 

Then it is easy to finish the proof by means of (14.841) and (14.861) and a standard 
argument. □ 


4.4. Existence of pullback attractor in iL^(K^). In this subsection, we prove 
the existences of pullback attractors in iL^(K^) for problem (ll.ll) - (ll.2l) for every 
£ G (0, 1]. 


Lemma 4.8. Assume that 1,'?. ill -/ TOP hold . Then the cocycle ip defined hy 
\3.1(j\] is asymptotically compact in i.e., for every r G M, w G fl, the se¬ 

quence {(^(<,T —<„,ii_tw,uo,ra)})OLi has a convergent subsequence in Pf^fR.^) when¬ 
ever tn —>■ -too and uo,n & B = B{t — tn,'d-t^uj) with B € T). 


Proof Give i? > 0, denote by — Or, where Or = {a; G \x\ < 

i?}. By Lemma 4.4, for any e > 0, there exist R = R{T,cj,e) > 0 and Ni = 
Ni{t,u}, B, e) G Z+ such that for all n> Ni, 

\\v{t,T -tn,'d-ri^,z{T -tn,'d-rUj)uo^n)\\m{ 0 %) < (4.87) 

for every uo,„ € B = B{t — tn,'&-t„uj). By (13.111) and (I4.87p . we have 

||u(r, T - tn, z{t - tn, id-rUj)uo,n)\\(0%) < (4-88) 


On the other hand, for this radius R, by Lemma 4.7, there exists N 2 = N 2 {t, uj, B, e) > 
Ni such that for all m,n> N 2 , 

x‘^ e 

||u(r, T - tn, d-rUJ, <)>(-p)a;)uo,n) - u{t, T - tm, ■d-rW, <('(-^ )^^0.m) || (O^^) < 


(4.89) 

Then the desired result follows from (14.881) and (14.891) by a standard argument. □ 


Given e G (0,1], by Lemma 4.1, we deduce that the T>-pullback absorbing set 
Kg of ifg in L^{R^) is defined by 

Kg = {Kg{T, oj) = {uG L^(IR^); ||u|| < Lg^r, w)}; r G M, w G O}, (4.90) 

where 

Lg{T,u;,s)=c(J° e^«e- 2 ^“(«)(|| 5 (s + r,.)f+ 1))'^'. (4.91) 
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By Lemma 4.8 and Theorem 2.6, we immediately have 


Theorem 4.9. Assume that 51) hold. Then for every fixed e G (0,1], 

the eoeycle defined by 113. lOi) possesses a unique 'D-pullbaek attraetor = 

{A^,h^{t,uj);t G R,o; G n} in given by 

- 

Ae^m{T,uj) = (Pe{t,T - t,d-tU},K^{T - t,d-tuj)) , TGR,wGri. 

s>0 t>s 

Furthermore, Ag^n^ is consistent with the 'D-pullback random attractor Ae in 
which is defined as in H3.13\) . 


5. Upper semi-continuity of pullback attractor in 


From Theorem 4.9, for every e G (0,1], the cocycle admits a common 7)- 
pullback attractor Ae in both and where T> is defined by (3.11). 

From this fact we may investigate the upper semi-continuity of Ae in both L^(R^) 
and Note that [TS] only proved the upper semi-continuity in L^(]R.^) at 

e = 0. In this section, we strengthen this study and prove that the upper semi¬ 
continuity of Ae may happen in iJ^(R^) at e = 0. 

For the upper semi-continuity, we also give a further assumption as in |18j , that 
is, / satisfies that for all x G and s G R, 


ds' 


f{x,s) < a 4 \s\P ^ +tfj 4 ix), 


(5.1) 


where 04 > 0, '04 G L°°(R^) if p = 2 and ■04 G Lp-^ (R^) if p > 2. 

Let po be the continuous cocycle associated with the problem (II.II) - (|1.21) for 
e = 0. That is to say, po is a deterministic non-autonomous cocycle over R. Denote 
by T>o the collection of some families of deterministic nonempty subsets of L^(R^): 


T>o = {B = {B(t) C L^(R'^); T G Rj; lim e ‘^‘||i3(r — t)|| = 0, r G R, d < A}, 

t—^+OO 


where A is as in (13.81) . As a special case of Theorem 4.9, under the assumptions 
(IXT])- (I53|) . po has a common (Do-pullback attractor Aq = {Ao(t);t G R} in both 
L2(R^) and iLi(R^). 

To prove the upper semi-continuity of Ae at e = 0, we have to check that the 
conditions (I2.8|) - (|2.12|) in Theorem 2.8 hold in L^(R'^) and iJ^(R^) point by point. 
But ()2.8D - (I2.11I) have been achieved, see Corollary 7.2, Lemma 7.5 and equality 
(7.31) in [TB]. We only need to prove the condition (12.121) holds in i7^(R^). 


Lemma 5.1. Assume that Ii3.1\) - li3.5[) hold. Then for every t G R and oj G fl, 
the union Ueg(o.i]Ae(r,w) is precompact in 

Proof For any e > 0, it suffices to show that for every fixed r G R and w G U, the 
set UEg(o,i]Ale(T, w) has finite e-nets in Let y = x(T,a;) G UEg(o,i]Ale(r, w). 

Then there exists a e G (0,1] such that x('r,w) G Ae(T,uj). By the invariance of 
Ae{T, w), it follows that there is a uq G Aeir — t, d-toj) such that 

XiT,Uj) = Pe{t,T - t,d-tUJ,Uo) = Ue{T,T - t,'d-rUJ,UQ) fbv (13.111) 1, (5.2) 

for all < > 0. Give R> 0, denote by Ofi = R^ — Or, where Or = {t G R^; \x\ < 
R}. Note that Ae{T,uj) G V. Then by Lemma 4.4, for every e > 0, there exist 
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T — T{t,ui,€) > 2 and R = R{t,uj,€) > 1 such that the solution u of problem 
(HIB-O satisfies for all t >T, 

\\Ue{T,T - < £■ (5-3) 

Then by (I5.2I) - (I5.3I) . we have 

\\x{t,uj)\\hi( 0 ‘=^) < e, for all X e Ue 6 ( 0 ,i]A('r,w). (5.4) 

On the other hand, by Lemma 4.6, there exist a projector Pnq and a T = r(r, w, e) > 
2 such that for alH > T 

\\{I - PNo)Ue{T,T - <0 (5-5) 

where Ug is the cut-off of Ug on the domain by (14.6811 . Because PNaUg € 

where = span{ei ,2 ,..., CATg} is a finite dimension space and P^oUgiT, t — 
t,i9-rUj,uo) is bounded in ffjvo which is compact.Therefore there exist some finite 
points vi,V 2 , ■■■,Vs € Hjsf^ such that 

\\PNoUe{T,T - t,d-rU},Uo) - Vi\\H^{0^^) < £■ (5-6) 

Thus by (15.21) . (15.51) and (15.61) are rewrote as 

\\{I - PNo)x{r,u;)\\Hi(o^^} < e, and ||TWoX('r, w) - < e, (5.7) 

for all X G Ogg(ox]vA£(T, w). We now define Vi = Vi(x) = 0 if a: £ and Vi = Vi 

if x G (^Ry/ 2 - Then for every i = l,2,...,s, Vi G iJ^(R^). Furthermore, by (15.41) 
and we have 

||x(t,w) - < llx)^,^) - + llx('r,w) - 

< IIx(tw)||hi(o^^) + \\PNx{'r,uj) - 

+ IK-^ “ TVo)x(''‘) w)IIh1(OhV2 ) - 

for all X G U£g(op]v4£(T,w). Thus Ueg(o_i]^E(T,w) has finite e-nets in iJ^(R^), 
which implies that the union U£g(ox]v4£(T,w) is precompact in iJ^(R^). □ 

We then obtain that the family of random attractors Ag indexed by e converges 
to the deterministic in i7^(K^) in the following sense. 


Theorem 5.2. 

and ui € fl, 


Assume that M-iTOI) and a hold. Then for each r G K 

lim (£4£(t, w), .4 o(t)) = 0 

eiO 


where distal is the Haustorff semi-metric in 


6. Existence of random equilibria for the generated cocycle 

It is known that the random equilibrium is a special case of omega-limit sets. 
The corresponding notion in deterministic case is fixed points or stationary solu¬ 
tions. We can refer to [315] for the definitions and applications. The problem of the 
construction of equilibria for a general random dynamical system is rather compli¬ 
cate [5] . Recently, |271128) obtained the existence of unique random equilibrium for 
stochastic reaction-diffusion equation with autonomous term on bounded domains 
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or a unbounded Poincare domains. Gu [10] proved that the stochastic FitzHughC- 
Nagumo lattice equations driven by fractional Brownian motions possesses a unique 
equilibrium. 

However, we here introduce the random equilibrium under the circumstance of 
non-autonomous stochastic dynamical system. In particular, we have 

Definition 6.1. Let (H, P, {'dtjtgR) be a measurable dynamical system. A 
random variable u* : M. x LI X is said to be an equilibrium (or fixed point, or 
stationary solution) of the cocycle ip if it is invariant under p, i.e., if 

(fift, T, u), u*(t, uj)) = u*{t + t, idtui) for all t >0, r G R, uj € LI. 

In this paper, we will prove the existence of equilibrium for stochastic non- 
autonomous reaction-diffusion equation on the whole space R^. We assume the 
coefficient A > 03 , where 03 is as in da and A is as in (13:81) . For convenience, 
here we write e = 1. First, we have 

Lemma 6.2. Suppose that g G L^(R'^), / and g satisfies and A > 03 . 

Let the initial values Mo,i = u(t — ti,i!)-rUi){i = l,2),ti < t 2 . Then there exists 
a constant bo such that the solution of problem (l.l)with initial value ito,i satisfies 
the following decay property: 

||u(r,r - ti,'d-rUJ,Uo,l) - u{t,T - ^ 2 , Mo,2)||^ < 

+ 2e-^«*^e-2-(‘^)||uo^2|p) + f ^ )||2 ^ 

^ ' J — 00 

where c is a deterministic non-random constant. 

Proof Put V = v{t,t — ti,i!)-TUi,vo^i) — v{t,t — t 2 ,'&-T^,vo, 2 ). Then bv (I3.8I) 
we have 

j^\\vr+b\\vr<o, ( 6 . 1 ) 

where b = A — 03 . By applying Gronwall lemma to (6.1) over the interval [t — ti, t], 
we immediately get 

|w(u)|l^ < e~^*^\\v{T -ti,T - t2,1?-TW,To,2) - 1^0,l||^ 

< 2 e“''‘^ ||i;(t - ti, r - ^2, -co, 2 )||^ + 2 e“''*^ Iko.ill^- ( 6 . 2 ) 

Choose 

0 < 5o < 6. (6.3) 

By (14.41) . we have 

< cz^{t,w){\\g{t, .)f -h 1). 

Then by Gronwall lemma again, we find that 

||i;(t -ti,T-t2, d-rUJ, -110,2)11^ 

< ||i;o, 2 f +C r i?-.c.)(||5(s, Of + ^)ds 

J T — t2 


(6.4) 
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< T e>>»^z^{s,uj){\\g{s + r, .)f + l)ds, 

J —OO 

from which and (|6.2I) it follows that 

|11(t)|P < 2e~^^^\\v{T -ti,T - t2,-d-rUJ,vo^2W + 2e“^*^||?;o,ill^ 

/•O 

+ ce^bo-b}t,^ 2 ^{-r) / e^^z^is,uj)i\\gis + T,.)f+ l)ds 

J —OO 

< 2(e-'''>‘i||z;o.if+ e-''«‘=||r;o,2f) 

pO 

+ ce^bo-b)t,^2^(-r) / e^^z^is,uj)i\\gis + T, .)f + l)ds, (6.5) 

*/ —OO 

where we have used < 1 for 6o < b. By the equality v{t) = z{t,oj)u{t) = 

g-‘^it)u{t), we get 

< 2e-2-(-") ||^;o.if + 26-"“*^ ||uo,2f) 

pO 

+ ce^f>o-b)H / e^^z\s,uj)i\\gis + T,.)f+ l)ds 

J —OO 

= d_,cc)||uo,2f) 

+ ce^bo-b)t, f° e^^z^is,uj)i\\gis + T,.)f + l)ds 

J —OO 

pO 

+ ce^bo-b)t, / e^^z"(s,w)(||5(s + r,.)|p + l)ds, (6.6) 

J —OO 

which finishes the proof. □ 

According to Lemma 6.2, we set Aq < 6o and define the collection V by 
22 = {i? = {B(t, w); r G M, w G flj; lim e“^°‘||i?(r—t, d_t)a;|p = 0, for r G M, w G flj. 

i^+oo 

Then we have the convergence result about the solution of problem (1.1)-(1.2) in 


Lemma 6.3. Suppose that g G L^(]R^), / and g satisfies and X > 03 . 

Let B = {B{t, w); r G M, w G n} G 22. Then for r G M, w G fl, there exists a unique 
element u* = u*(t,uj) G L^(]R^) such that 

lim w(t, r — f,'d-T-w, Mq) = u*(t, w), in L‘^(R^), 

where uq G B{t — t^d-tio). Furthermore, the convergence is uniform (w.r.t ug G 
B(t - t,i9-tuj)j. 
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Proof If Wo,i S i?(T — ii, then we have lim e = 0 

for i = 1,2. Thus the result is derived directly from Lemma 6.2. □ 

Lemma 6.4. Suppose that g £ f and g satisfies i3.1\) - iS.5\) and A > 03 . 

Then for r £ K, w £ fl, the element u* = u*{t, cu) defined in Lemma 6.3 is a unique 
random equilibria for the cocycle ip defined by i3.10\} in i.e., 

ip{t,T,uj,u*{T,uj)) = u*{t + t^idtui), for every t > 0, r £ R, w £ 12. 

Furthermore, the random equilibria {u*{t,u}),t £ R, w £ 12} is the unique element 
of the pullback attractor A = {^(r, a;);T £ R, w £ 12} for the cocycle ip, i.e., for 
every r £ R, to £ 12, .4(t, to) = {u*(t, to)}. 

Proof By the definition of the cocycle, (p{t, r—t, •d-tto, ug) = u(t, r—t, 'd-rW, ug), 
then for for every t £ R, to £ 12, we have 

u*(t,u})= lim ip(t,T — t,d-tiv,ug), (6-7) 

where ug £ B{t — t, 6 - 110 ). Thus by the continuity and the cocycle property of ip 
and (I 6 T 1 ) . we find that for every 2 > 0, r £ R, to £ 12, 

ip(t,T,UJ,U*{T,Uj)) = (p{t,T,UJ,.)o lim ip{s,T - S, 6 -siO,Ug) 

s—>--\-oo 

= lim ip{t,T,UJ,.)oip{s,T - S, 6 -sUJ,Ug) 

t—>-+oo 

= lim ip{t + S,T — S,6-sU},Ug) 
t —^+00 

= lim ip(t + s,(t + t) — t — s, 6 -s-t 6 tto,ug) 

t —^+00 

= u*{t + t,6tio), 

which also implies the invariance of A, that is, (p{t,T,Lo,A{T,Lo)) = A{t + t, 6 tto). 
The compactness of Air, to) is obvious and the attracting property follows from 

(leJl) . □ 

Remark 6.5. We notice that by Theorem 4.9, the equilibria u* £ H^(R^). In 
particular, we further have u* £ LP{R^). 
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